Declassified in Part - Sanitized Copy Approved for Release 2012/04/17 : CIA-RDP82-00039R000100140009-7

50X1-HUM

Title; "ON THE DISTRIBUTION LAWS OPF THE 'OOMPLUTION NUMBERS' IN QUANTUM
STATISTIOS! USSR
A, Ya. Khinchin, Corresponding-Member of the Acsdemy of Sciencen USSR,

Source: Doklady Akedomil Nauk SSSR, Volume LXXVIII, No 3 (21 May 1951), pp 461-3.

. 50X1-HUM

Declassified in Part - Sanitized Copy Approved for Release 2012/04/17 : CIA-RDP82-00039R000100140009-7



Declassified in Part - Sanitized Copy Approved for Release 2012/04/17 : CIA-RDP82-00039R000100140009-7

50X1-HUM

’:‘} i‘{‘r?‘:,!"‘

-
LY ERREE
R T A

fins

COMPLETION
"ON THE DISTRIBUTION LAWS OF TEE 'PILLINGSUP-NUMBERS! IN QUANTUM STATISTICSY
A. Ya. Khinchin, Corr-Member of Acad Sci USSR,
"Doklady Akademil Nauwk BSSR' Vol 78, Yo 3 (1951).

The aim of the preeent article it to show that n%go hqvelopment w/ﬁ racent
yeore of the method ofcﬁg&%he the asymptotio formules of statietioal physics
with tho ald of the limit theoreme of the theory of probabilitice allovws one to
establish eaelly the limit laws of dletribution for so-callod 'completion numbers!,
for which the usual expositicns give only the meen valuee and dispersion. We
shall consider a system of identical particles (the number of particles is N,
energy 1s¢ B, and volume is V) which obey any of the three main etatistical gchemes:
Moxwell=Boltzmann (F), BoseeBinstein (6), and Fermi-Dirac (A). The energy levels
of the particles are aseumed to be integrol numbers; to the level r correnponds
Vgr of the varlicus linearly independent utates of a particle, which are designated
(in any order) by LY TR M TR X The completion number s,  ic the
nymber of particles fownd in the stete w,, (s = 1,2,...,Vgr). Bco my book entitled
Mathematiocnl Foundetions of Quantun Statietics, 1951, for the other terminology,
designations, and premises,

The total number of linearly independent estates of a system for given N,E,V
is designated by Q(N,B), If m io an integral non-negative number, then the

(microcanonical) probability Plopg® n) ofitke vauallty Le the rotio of the number

Qﬂ(m) of states of the aystom,in which states we have a m,to the number Q(N,E)

78
of all states of the system, Our aim is to find the limit of this probability under
the condition that N,E,V increase without limlt preserving a constant ratio among
themselves,
Along with the set Uy (k=12,2,,.3 1= 1,2,..,,ng) of states of a particle
wo shall consider another set obtalned from the firet set by rejecting the state W
-1l
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(8o that te the energy level r corresponds ne longer vg,, , bub v;;,- 1 of the linearly
independent states)) and we shall designate by the symbol ¥ all quantities cons-
truoted on the baeis of this seocond set, Then,:i : elementary combinatorisl conmiderw

etions eaelly give for tho main three statistical schemes the followlng emprescions:
(g) 2% (N em B = mr)

Hezem) = ) ®
% (¥ am, B - mr)
Plan.sm) = ]
s o, ) )
. 2% (N =m B = mr) -~
Playgem) = ) (ns 1) | (a)

(m 1)
by miyself
In the above-mentioned Yook ofjmine; Formalas (22) pngo 191 and (37) poge 203

give for eny « and B0 and for any integers p3= 0, q % 0, for vhich Q(p,a) #0,
in sny of the three statistical schemes tho following exprassion:

Q(po0) = Olp) Hou)e® * B3 ( a/apveh 4 o2 ) | (1)
Here O(p) = p! (P), O(p) = 1 (S,A), end

Vo% 8, 0xp-(c & Br) (P)

e
00

1n ®(o. ,p) = -V Zlgr'ln (1« exp-(ex 4 fz) ) (8) (2)
¥z

y vf;gr'ln (14 exp=(on+ Br) ) (A)
=

w=max (fug/y/up/), W =p+d3n& /e, W=qsedln®/3P

8 = v2 ((3%1n 8/363) (3% &/2%) = (3%n & /30 3p)? ) (3)
and 4 is o natural number depending only on the structure of the particles,
As upual wo select o« and P so that N4+ 3 1n® /8= 0, B = - 3ln /38, Then
for p=Y, =B we have wuj = up = 0, and Formla (1) glves (for all three
statistics) the following expression:

ON,B) = O(N) & (o) e + BB ( qromeh o o(v2) ) |

ot p g ke b b s
-2~ ik mi.m i
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In order to evaluate 2¥(N =m B - mr) we muist replace ¥ and ® respectively
by & * and % in Formula (1) end eet
up 2N - mednd ¥z dln ¥ #/ox = 3ln 2 0= M
w, = B -nr s 3ln 8 #/3p = 81n @ */3f - Oln & P ~mv

but
3qn B * fdc- 8ln D fdez Ty = 1 o+ B o)

3ln B /3B - 3ln ? /3P =rT,, , where o= o(P), 1(8), =)(A) 3

thus,
wele-n, Ye 2Ty m) , umz/Tpmun/,

For N = 00 u remains constant, and wo find in any of tko three schomes the

followl
ollowing: #(¥om, Ben) = O(H-m) 8 *(a'ﬁ).ea(lt-mr)

P(E-mr),( E:%VF— . O(V"z)).

Thus we obtaln for any of the three schemes the following expression:
- - o 9-(0#(31‘)!1 1
Pla,=m) = —lYO(m o—L—%-Q-'-%;—@ R (14 0(V+) )
(odnce /8% = 1 4 0(1/V), which easily follovs from Formila (3) ).
In tho case of (P) we have O(m) = m! , end from Formula (2) it follows that
1n @ (0, B) /B0y f) = ~exp-(a ¢ Br) = 2 T

86" that .1
Plaggam) = o To(T/mt) (2 & O(V-1) ) (®)

(Poisson's law with parameter Tp).
In the case of () we have C(m) = 1, and from Formula (2) it follows that:
1n @%(o,f)/ ®(c,B) = 1n(1 - exp-(ois fr) ),

o that Pla,zm) = (1 - oxp-( ot + ﬂr))'e"(oub Br)m_(l + O(V1))

=% (2a1)™H) (1 oY) )
(the indicial lew).

(8)

Finally in tho case of (A) we have C(m) = 1 snd the followlng:
in @ /0 = =1n(1 4 exp-(c. & Br) ) (where & = 2(oyp) ete)
and we easily show that
Pla,z 0) = (L= T,)(1 + O(TH)), Blaggs 1) = By(1 o)y (A)
finally Plapg=m) = 0 for m> L.
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The result (A), obviously, s trivial, gince,in the cpso where apg Oad
assune only the values 0 and 1, Playe® 1) equals the mathematical expectation
of the nwmber B&,, which, es has been lmown for some time, coincides in the
1imdt with Ty o

1t stands to reason that the exprossions for the limit values of moments
snd central moments of the numbere &, &re olementary consequences of the
found 1imite of the distribution laws.

Swomitted 27 Merch 1951,
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